
I IIIIMIIIIIIC& 
Akad6misi Kiad6 - Springer-Verlsg 

COMBINATORICA I I  (3) (1991) 231-243 

O N  T H E  N U M B E R  O F  E D G E  D I S J O I N T  C L I Q U E S  IN G R A P H S  O F  
G I V E N  SIZE 

ERVIN GYORI  1 

Received October 20, 1988 

In this paper, we prove that any graph of n vertices and tr_l(n ) + m edges, where tr_l(n ) is 
the Turs number, contains (1 - o(1)) m edge disjoint Kr's if rn = o(n 2). Furthermore, we determine 
the maximum m such that every graph of n vertices and $r-1 (n)-k-rn edges contains rn edge disjoint 
Kr's if n is sufficiently large. 

I n t r o d u c t i o n  

In this paper, we study the number of edge disjoint Kr ' s  in graphs of given order 
and size. We basically follow the notation of Bollobks [1]. E.g. Tr(n) and tr(n)  
denotes the r-part i te  TurNa graph of order n and its size, respectively. We denote 
by da(v) and Na(v ) the degree and the set of neighbours of v in G, respectively. A 
graph of order n and size m will sometimes be denoted by G(n, m). The subgraph 
of G induced by W C_ V(G) will be denoted by G[W]. 

Let n and m be given integers. For a graph G(n, m), let edkr(G) denote the 
maximum number of edge disjoint Kr ' s  in G. Let edkr(n, m) denote the minimum 
of edkr(G) for the graphs G of order n and size m. 

We conjecture that  

edkr(n, tr-l(n) + m) >_ ( !  + o(1)) m. 

The results of Erd6s, Goodman and Pdsa [4] (r = 3) and Bol lob~ [2] (r >_ 4) imply 
that  

1 
edkr(n, tr-l(n) + m)>_ ~ m  

Recently, Tuza and the present author [6] proved that  

edk3(n, t2(n) + m) > (~ + o(1)) m 

and 
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1 
edkr(n, t r _ l ( n ) + m )  >_ ( ~ ) _ r / 2  m if r_>4. 

However, the conjecture is far from being best possible if m is not too large. Clearly, 

edkr(n, t r - l (n)  + m) _< m. 

(E.g. add m arbitrary edges to Tr-l(n).)  Erd6s [3] proposed the problem of 
determining the maximum m such that edk3(n, t2(n) + m) = m. We proved in [5] 

Theorem A. 

edk3(n, t2(n) + m) = m 

provided that n is sumciently large. 

if m _ < 2 n - 1 0  for o d d n a n d  

m < ~ n - 5  for evenn if 
Z 

Examples show that the upper bounds for m in Theorem A are sharp. (Unfor- 
tunately, I gave wrong upper bound 2n - 9 and extreme graphs for odd n in [5]. 
The right extremal graphs are given in paper "Edge disjoint cliques in graphs" of 
the present author submitted to "Sets, Numbers and Graphs, Proceedings of the 
Colloquium dedicated to the 60th birthday of A. Hajnal and V. T. SSs.) 

In this paper, we investigate edkr(n, t r - l (n)  + m) when r > 4 is arbitrary and 
m = o(n2). We will prove the following theorems 

Theorem 1. 

edkr(n, t r - l ( n )  + re) = m - 0 ~ -  = (1 - o(1))m i fm = o(n2). 

Remark. The weaker estimate edkr(n, t r - l ( n )  + m )  = (1 - o(1))m can be proved by 
means of a theorem of Lov~sz and Simonovits ([7], Thin. 2), as well. 

Theorem 2. 

edkr(n, t r - l (n)  + m) = m i f m  <_ 3 [ r - 1J - 5 [or r > 4 

provided that n is su~ciently large. 

The following example shows that the upper bound for m in Theorem 2 is sharp. 

Example. Consider two color clas  , ,  and of rr-l(n) of vertices Add 

3 [~_--~] - 4  edges to Tr-1 (n)so that two elements of ]~ and one element of Vj should 

be joined to all vertices. If the [rn_---~]-1 edges in Vj are covered by [rn_--~]-1 

edge disjoint Kr's  the deleting these ( [ r n - ~ ] -  1)(~)edges, every vertex in ~ has 

[ rn=~] -2  neighbours in Vj except one which has [rn_--~] neighbours. Since two 

elements of ~ have [r~_ 1] - 1  neighbours in ~ ,  we cannot find2 [~_1] - 3  edge 

disjoint Kr's covering the2 [rn_-=~] - 3  edges incident to these two vertices. 
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2. P r o o f  o f  T h e o r e m  1 

The proof will be structurally similar to the proof of the case r -- 3. We will prove 
that either we can find m edge disjoint Kr 's  or the graph is essentially isomorphic 
to a graph obtained from T r - l ( n )  by adding m edges. Then we will be able to 
complete the proof using the structure of the graph. ("Essentially" means that the 
size of the symmetric difference graph is small.) Throughout the proof, r > 3 is fixed 
and considered as a constant. 

Let G = (V,E) be an arbitrary graph of order n and size t r - l ( n )  + m where 
m = o(n2). Delete the edges of edge disjoint Kr 's  of maximum number. Let G* 
denote the resulting Kr-free graph. If we found m edge disjoint Kr 's  then we are 
done. So we may assume that 

(1) IE(G*)i>_tr_l(n)-  [ ( ~ ) - l ] r n .  

Choose a maximum size spanning ( r -  1)-partite subgraph Go of G* (with color classes 
V1, V2,.. .  ,V r - l )  and let G1 denote the spanning subgraph of the monochromatic 
edges i.e. G1 = (V, E(G*) - E(Go)). Clearly, 

(2) ING,(v) M Vii >_ dGl (V) 

for v E V, i = 1 , . . . ,  r - 1. (If it is not the case then deleting v from its color class 
and adding it to ~ ,  we obtain a spanning (r - 1)-partite subgraph of greater size, a 
contradiction. 

A fundamental theorem of Simonovits [8] (or see [1], p. 340.) says that a gr-free 
graph of order n and size t r - l ( n )  - o ( n  2) contains an (r - 1)-partite graph of size 
t r - l ( n )  + o(n2). This theorem implies that 

IE(Co)I  = tr-l(n) - o(n2), 
IE(G1)I = o(n 2) 

(3) 
(4) 
and (3) implies that 

(5) 
n 

IV/I-  + o ( n )  for i = l , . . . , r - 1 .  
r - 1  

Proposition 1. dG1 (v) = o(n) for v E V. 
Proof. Suppose that there is a vertex v E V such that dGl(V ) --- p >_ sn 
for some constant c > 0. Then there are sets V/' C_ V/(i = 1 , . . . , r -  1) such 
that IVi'] = p, V i' C_ NG.(v ) by (2). Let us consider the (r - 1)-partite sub- 
graph Go[V{ U . . .  U Vr~_l]. It does not contain any Kr-1  since then the addi- 
tion of v to this Kr -1  results a Kr in G*, a contradiction. Thus every Kr -1  in 
the complete (r - 1)-partite graph of color classes V{, . . . ,  V~r_l is represented by 
some edge missing from Go[V{ U - . - U  Vr~_l]. However one missing edge represents 

pr-3Kr_l 's  from among the pr- lKr_l 'S .  Thus, at least p2 edges are missing and so 

IE(G~ <- E i~ l iv j  [ _ p 2  _~ tr-l(n)- ~2n2, 
l~_i<j~_r-1 

a contradiction to (3). | 
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Before the following basic lemma, which will be used several times, we need a 
definition. 

Definition. For a coloring {V1,.. . ,  Vr-1}, a clique Kr-1 (Kr) is said to be totally 
multicolored if Y(Kr-1)  n TVi ~ 0 (Y(Kr) n V/~  0) for i = 1 , . . .  , r  - 1. 

Lemma 2. Let H be the union of an (r - 1)-partite graph Ho of order n with 
color classes W1,. �9 Wr-1 and p independent monochromatic edges XlYl, . . . ,  Xpyp 
in some color class Wi. Suppose that 

(6) IE(Ho)I >_ t r - l (n )  - clm + p. o(n) 

for some constant Cl and m = o(n2). Then for any e > 0, there is a constant Co(e) 
such that H contains (1 - e ) p  edge disjoint totally multicolored Kr 's  if p > Co m and 
n is sufficiently large. 

Furthermore, if for j r i, we fix some vertex sets Wj C Wj such that IW;I > p, 

IWjl _ ~ then these Kr 's  can be chosen so that they should be contained in 

H [Ujr W; U {Xl,Yl,... ,Xp, yp}]. 
Proof. First we prove a weaker statement, namely, that H contains one desired Kr. 
Suppose not. Inequality (6) implies (3) for Ho and it implies (5) for W1, . . . ,  Wr-1 
and so p <_ 2 - ~  + o(n). Consider some vertex sets Wj' C_ W~ (or simply Wj' c_ Wj 

if W; is not defined) such that IW;'I = q > p, q > 2 - ~  for j ~ i and the vertex 

set W/" = {Xl, Yl , . . . ,  Xp, yp}. Add the edges XlYl, . . . ,  Xpyp to the complete (r - 1)- 
partite graph with color classes W ~ , . . . ,  Wrn_l and let H* denote the resulting graph. 

The graph H* contains pqr-1 Kr's and every multicolored edge of it represents either 
qr-3 or pqr--4 (<_ qr--3) Kr's. Since H does not contain any Kr thus H must miss 
at least pqr-2/qr-3 = pq multicolored edges of H*. Thus 

(7) IE(Ho)I <_ tr-l(n) - pq <_ t r - l (n )  

Combining (6) and (7), we have 

t~_~(~) - ~ . ~  + p .  o(~) _< t~_~(~) 

It follows that 

p < c l ( r - 1 ) ( 2 + o ( 1 ) )  m 
n 

pn 

2(~ - i) 

pn 
2 ( r -  1)" 

(6') 

Also, we have 

which is a contradiction if Co > 2cl(r - 1). 
We proved that H contains a Kr. Delete its edges from H and apply the proved 

weaker statement for the remaining graph, and then for the next remaining graph, 
etc. How long can we do it? Suppose that we applied it k < (1 - e)p times and let 
Ilk denote the remaining (r - 1)-partite graph to the color class Wi of which p - k 
independent edges are added now. The inequality (6) implies that 
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n 
(7') ]E(Hk)[ <_ t r - l (n)  - ( p -  k)2( r 1)" 1 

Combining (6') and (7'), we have 

[(;)] c l m + k  - 1  + p . o ( n ) > _ ( p - k ) - 2 ( r _ l ) .  

If follows that 

[ n ( ; )  ] [ n  )1 k 2(r---l) + - 1  > p  2 ( r : l )  + ~  - c l m ,  

and using k < (1 - e)p, we have 

[ n ( ; )  ] I n  J (1 - e)p 2 ( r - -  1) + - 1 > p 2 ( ( -  1) + o ( n )  - c l m .  

This implies that 

P 1) + o(1 < Cl-- 'n 

2c l ( r -1)  and n is sufficiently large. | a contradiction if Co > e 

Let p denote the maximum number of independent edges in G1 in the same color 
class. Then at most 2p(r - 1) vertices represent all edges of G1, and so 

(8) HE(G1)] <_ p .  o(n) 

by Proposition 1. Considering that G* is Kr-free, the inequalities (1) and (8) imply 
that (6) holds for Go with Cl = (~) - 1. Using Lemma 2, we have the following 
Proposition 3. The graph G1 contains at most O(1) m independent edges and so 
there are O(1) m vertices representing all edges of G1. 

Now using Lemma 2, we estimate the number of vertex disjoint not totally 
multicolored Kr's deleted from G. 
Proposition 4. The number of vertex disjoint not totally multicolored Kr's deleted 
from G is O(1)n m- and so there are O(1)~ vertices representing all not totally 
multicolored Kr's deleted from G. 
Proof. Suppose that we deleted q _> c m vertex disjoint not totally multicolored Kr's 
where the constant c will be determined later. Consider a representing monochro- 
matic edge ei (i = 1,. . .  ,q)of  each of these Kr's. Say, V1 contains at least ~ edges 
from among these independent edges. Applying Lemma 2 for Go and these edges, we 
obtain that the union of Go and these edges contains (1 - e )  r_-- ~ totally multicolored 
Kr's. For the edges ei that are contained in these (1 - e)r ~ _  totally multicolored 
Kr's, add back to G* the edge set of the deleted Kr containing e i and delete the 
edge set of the totally multicolored Kr containing el. Now, consider another repre- 
senting monochromatic edge f i  of each of the Kr's added back to G*. (Each of these 
Kr's contains at least one more monochromatic edge since these Kr's are not totally 
multicolored.) These are (1 - e)r---~ -> l r~-e  c " ~ independent edges. If this new 
G* is Kr-free then it contradicts Proposition 3 if c is large enough and if this new 
G* contains some Kr then it contradicts the maximum choice of the deleted edge 
disjoint Kr's. l 
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Propositions 3 and 4 imply that there is a vertex set { v l , . . . ,  Vq} of size O(1) m 
representing all edges of G1 and all not totally multicolored Kr 's  deleted from G. 

For a vertex v E V and for a coloring {W1,... , Wr_l} of V let 

dmon(V; W1, . . . ,  Wr-1) = dG 1 (v) + # monochromatic edges incident 

to v that are contained in some 

not totally multicolored Kr 

deleted from G 

Now we recolor the vertices Vl , . . .  ,Vq so that  • dmon(X; V[ , . . . ,  Vrl_l) should 
xEV 

be minimum for the resulting coloring {V~,. . . ,  Vr~_l}. Let G~ denote the graph of 
monochromatic edges in coloring {V~,.. ' = - . ,Vr_l}  and let G~O (V,E(G*) E(G~)). 
Let 

d = maxdmon(X; V~,..., V;_X). 
xEV 

Notice that the vertices Vl,. �9 Vq still represent all monochromatic edges (the edges 
of G~) and all not totally multicolored Kr 's  deleted from G. Thus, G contains 
O(1)qd monochromatic edges contained either in G~ or in deleted not totally multi- 
colored Kr's.  In addition, the m ' (<  m) deleted totally multicolored Kr ' s  contain m I 
monochromatic edges. So, the graph G has at most O(1)q �9 d + m' < O ( 1 ) ~ d  + m 
monochromatic edges and so at least t r - l ( n )  + O(1)md multicolored edges. 

Now, we will prove that d = O(1) m. We prove this statement by contradiction. 
m where the constant c will be determined later. Let x E V be Suppose that d > c~- 

a vertex such that dmon(X; V~,..., Vrl_l) = d. Notice that dmon(V; V~,..., Vrl_l) _< 
q ( r -  1) for v E V -  { v 1, �9 �9 �9 Vq } since { Vl, �9 �9 �9 Vq ) represent s all edges of G~ and all not 
totally multicolored Kr 's  deleted from G. Thus we may assume that  x E {Vl, . . . ,  Vq}. 
Without loss of generality, we may assume that x E V1 ~. First we prove 

Proposition 5. 

.. V. I K, V. I V. I d dmon(x;V~-{x}, ", i - l ,  i U{x}, i + 1 , ' " ,  r-1)->~ 
for i=  2 , . . . , r - 1 .  

Proof. For shortness, the coloring {V~ - {x} , . . . ,  1I/'_1, V/I U {x}, V/t+l, . . . ,  Vrl_l} 

will be denoted by {V~(x,i),...,V~r_l(x,i)} including {V~(x, 1),...,Vrt_l(X, 1)} = 
{yl',...,vs 

We know that 

E dm~ V ~ ' ' ' " V ; - 1 ) < - E  dmon(V; V~(x,i),...,Y;-ltx, i)) 
vEV vEV 

by the choice of coloring {V~,. . . ,  Vrl_l}. Table 1 shows how the terms of dmon(X; 
V~,...,Vrl_l) and ~ dmon(V; V~,...,Vr-1) will change when we turn to the coloring 

vEV 
(i > 2). 
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Table 1 shows that if a term of draon(X; V~,. . . ,  Vrt_l) decreases a then the sum 
decreases at least 2A and if a term of dmon(X; V~,.. . ,  Vrt_l) increases a then the sum 
increases at most 4A. Considering that the sum did not decrease by the change of 
the color of x, it implies that  the increasing terms of dmon(X; Ylt, �9 �9 Yr/_l) increased 

at least half as much as the decreasing terms of dmon(X; V~,. . . ,  Vrt_l) decreased. On 
the other hand, the sum of decreases of the decreasing terms of dmon(X; V~,.. . ,  Vrt_l) 
is at most dmon(X; VI~,..., Vr~_l), since all terms are nonnegative at any time. Thus 

1 
dmon(X; V~(x,i),. . .  ,Vtr_l(x,i)) >_ ~dmon(X; V ~ , . . . , V r l _ l ) .  

Proposition 6. We may assume that 

d 
ING,(x ) n Vi'l > 

In particular, it yields that dG~ ' (x) > 4d~r . 
Proof. Suppose that 

d (9) INa,(x) n v/I _< 

for some index 1 < i < r - 1. We have 

(10) 

for i = 1 , . . . , r -  1. 

d c m  
dmon(x; V~(x,i),. . . ,VIr_l(x,i)) >_ ~ > 

by the choice of x if i -- 1 or by Proposition 5 if 2 < i < r - 1. Inequalities (9) 

and (10) imply that  in coloring {V~(x,i) , . . . ,  Vtr_l(x,i)}, there are ~ - ~r = 
monochromatic edges incident to x that are contained in not totally multicolored 
Kr ' s  deleted from G. Thus, at least ~r not totally multicolored deleted Kr's contain 
some monochromatic edge incident to x in coloring {V~(x,i), . . . ,Vtr_l(x,i)}. Let 

d HI, . . .  ,Hs (s -- 7~7]) be such deleted Kr s and let x.y.  E E(H.) be a monochro- �9 3 3 
matic edge not incident to x for j = 1 , . . . ,  s. Notice that  the e~ges xjyj are inde- 
pendent, since the deleted Kr ' s  are edge disjoint and x E V(Hj) for j = 1 , . . . ,  s. 

Now there is a color class V/~o containing at least [s / ( r  - 1)] > ~ edges xjyj, 
say xjyj for j = 1 , . . . ,  [ s / ( r  - 1)]. Here, we can apply Lemma 2 for the union of 
Gto and the edges xjyj (1 < j <_ [s/(r - 1)]) since Go satisfies (6). To produce Gto 
we recolored O(1) m vertices and so ]E(Go)[ changes O(1)rn i.e. Gto also satisfies (6) 
with some other c 1. So by Lemma 2, the union of Gto and these [s/(r - 1)] indepen- 

d edge disjoint Kr's not containing x. For dent edges contains �89  1)] > 

"the edges xjyj contained in these 1 rs/( r _ 1)] Kr's,  add back to G* the originally 
deleted Kr  containing xjyj and delete this new Kr which does not contain x. For 
the resulting graph G*, we have the inequality 

d 
INa.(x)  n Vi'l > 
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Notice that during this procedure, E(G*) and E(GIo) changes O(1)m and so Lemma 
2 can be successively applied for all sets V/r satisfying (9). I 

Now we are ready to finish the proof of the estimate d = O(1) m. By Proposition 
6, we may assume that NG.(x ) contains some vertex sets W1 C_ V[, . . . ,  Wr-1 C_ VIr_l 

d such that ]Wll . . . . .  IWr_lI = t = [4r--~]. Let W -- W1 U . . .  U Wr-1. We can 
d 2 

see that t = o(n) and that GIo[W] misses at least t 2 > ~ multicolored edges 
(see the proof of Proposition 1). Let H I , . . . ,  H k denote the deleted Kr 's  containing 
some WiWj-edge. We will prove that we may assume that k = O(1)t n m- = O(1)d~.  
Suppose that k > c2t m where the constant c2 will be determined later�9 Let us 
choose some representing vertex ui E V(Hi) for i = 1 , . . . , k  such that  ui E W 
and ui does not represent all monochromatic edges of H i. (It can be done since 
V(Hi) meets at least two Wi's.) Further, let xiYi be a monochromatic edge of Hi 
not incident to u i for i = 1 , . . . ,  k. Then there is a vertex u E W which represents 

s _> > = r~_-~ - deleted Hi's, say H1, . . . ,Hs .  The monochromatic 

edges XlYl, . .  xsys are independent and there is a color class V./ containing at 
�9 ' ~ 0  

k least [r---~l > ~ - ~ t  from among them, say, X l Y l , . . . , x r ~ _ ] y [ ~ _  ]. If c2 is large 

enough then here we can apply Lemma 2 for the union of G~) (or later in the procedure 
some new GIo) and these [r----I_s 1 independent edges since Glo satisfies (6) and in these 
steps only the deleted Kr 's  change. Thus [E(GIo)[ changes O(1)m and each new GIo 
also satisfies (6) with some other constant Cl. By Lemma 2, the union of G~o and 

1 s k these [r--~l independent edges contains ~ [r~-I  - ~  > edge disjoint Kr 's  such 

that the vertex set of any of these Kr 's  does not meet W U {x} apart from the two 
endvertices xi and Yi when xiy i is an edge of it. For the edges xiYi contained in 
these 1 s ~ rr---:--T] Kr's, add H i back to G* and delete this new Kr which contains xiy i 
but does not contain any other edge of G[W U {x}]. We can continue this procedure 
as long as we have k = O(1)d m. So we may assume that the deleted Kr 's  contain 
O(1)d m edges of the complete (~'- 1)-partite graph with color classes W1, . . . ,  Wr-1. 

Recall that G misses O(1)d-~ multicolored edges and so GIo[W] also misses 
O(1)d m multicolored edges which contradicts the fact that Gro[W] misses at least 

t2 > 16__g.~r > 16__~r ~ . d  2 cd m multicolored edges if c is sufficiently large. 
We proved that d -- O(1) m. It follows by the definition of d and Proposition 

4 that the number of deleted not totally multicolored Kr 's  is O(1)d m = O(1) nm- ~ 
and so is the number of monochromatic edges contained in the deleted not totally 
multicolored Kr's. Similarly, it follows by the definition of d and Proposition 3 that 

m 2 
[E(G~) I = O(1)d m = O(1) n-~r. 

Since G has tr-1 (n )+  m edges, it must contain at least m monochromatic edges. 

Using the two facts above, it implies that m + O(1)n ~ -  monochromatic edges are 
contained in totally multicolored deleted Kr 's  each of which contains exactly one 

monochromatic edge. I.e., we deleted and thus G contained m +  O(1)n~- edge disjoint 
Kr 's  what we wanted to prove. I 
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Notice that in the proof of Theorem 1, we also proved the following statement 
which will be used in the proof of Theorem 2. 

Theorem 3. Let G be a graph of order n and size tr-x(n) + m, m = o(n2). Then 
either G contains m edge disjoint Kr's or there is an (r - 1)-coloring {Vx,. . .  , Vr-1} 

ra 2 
oTV(G) such that the number of not monochromatic edges is t r - l (n)  + O(1) n-~ and 
so IVil = + o(1) m fori  = 1, . . .  ,r - 1. 

3. P r o o f  of Theo rem 2 

The following lemma will be fundamental in the proof. 
Lemma 7. Let H be an (r-1)-partite graph of order s with color classes Wx,.. �9 Wr-x 
such that IW1] <__ IW21 = IW31 . . . . .  IWr-ll. Suppose that 

( 1 ) I W j ,  for j > 2 , w � 9  i ~ j  INH(w) M WjI > 1 -  ~r (11) 

and 

(12) (1) 
[NH(W) M Wll _> 1 -  ~rr IWxl for  w ~ wx if IWll IW21. 

Then there exist IWll vertex disjoint Kr-x's  in H (which obviously cover W1) if s is 
sufficiently large. 
Proof. We prove the lemma by induction on r. The statement obviously holds for 
r = 2. Suppose that the statement holds for r <_ ro (ro >_ 2) and let H be an ro- 
partite graph with color classes W1,. . . ,  Wro satisfying the conditions of the lemma. 
Then the (ro - 1)-partite graph Ho = H[W1 U . . .  U Wro-1] obviously satisfies the 
conditions of the lemma with r = to. Thus there ]W1] vertex disjoint Kro-X's in 
Ho by the inductional hypothesis. Now, we define a bipartite graph H* with color 
classes Wx and Wro. The vertices x �9 W1 and y �9 Wro should be joined by an edge 
if and only if the addition of y to the Kro-1 containing x results in a Kro in H, i.e. 
y is adjacent to all vertices of the Kro-1 containing x. 

To prove Lemma 7, it is sufficient to prove that H* contains a matching covering 
Wx. Thus according to P. Hall's well-known matching theorem, it is sufficient to 
verify Hall's conditions 

(13) ] U NH*(X)] >- IX[ for X c_ W1. 
x E X  

The lower bound (11) obviously implies that 
2to + 1 

(14) [NH.(W)I >_ [Wrol for w �9 W1, 
3ro 

which implies that H* satisfies Hall's condition if [Wll <: �89 I Wro I and s is sufficiently 
large. 

Suppose that [WI[ _> �89 Then (11) and (12) imply that 

(15) ]Ng*(Y)l > 1 - 1 I W x l  3r----~lwrol > IWll for y �9 wro. 



EDGE DISJOINT CLIQUES 241 

2 On the other side, (14) implies that if I X] _< gIWro] (X C_ W1) then X satisfies 

Hall's condition. Suppose that I X] > }[Wrol > ~lWll �9 Then (15) implies that 
NH. (y) A X r 0 for y e Wro and U x e x  NH* (x) ~= Wro, Hall's condition is satisfied 
for X in this case, as well. I 

Now we are ready to prove Theorem 2 for r > 4. Let G be a graph of order n 
r . + l l  

and size t r - l ( n )  + m, ra _< 3 Lr--:-TJ - 5. As Theorem 3 states, we may assume that 

V(G) has an (r - 1)-coloring {V1,. . . ,  Vr-1} such that the number of multicolored 
edges is t r - l ( n )  + O(1) and so Iv/I -- ~ + 0(1) for i = 1 , . . . ,  r - 1. Let G1 denote 
the spanning subgraph of the monochromathic edges in G and let rn r denote its size. 
We have m r = ~ + O(1). We label the vertices of G so that 

di(vi) = dal[v(a)_{~l,...,~i_l} ](vi) = 

= xEV(C)-In{vO~l,...,v i_ 1 } dG1 [V(G)- {va ..... vi- a }] (x). 

n 
Clearly, ~ di(vi) = m I and dl(Vl) _> d2(v2) >_ "" >_ dn(vn) = O. 

i=1  
A bit long, but straightforward case by case analysis shows that if G contains 

all multicolored edges (misses one and at least two multicolored edges, rasp.) then 
3 3 3 

G contains ~ dj(vj) ( ~ dj(vj) - 1 and ~ dj(vj) - 2, rasp.) edge disjoint Kr's 
j = l  j = l  j = l  

whose monochromatic edges are incident to Vl, v2 or v 3. 
Let i k 4. Delete from G the edge disjoint Kr 's  found so far and delete the 

edges of G.1 incident to Vl, v2 or v 3 even if they. are not covered by Kr's found so 
far. Let G * denote the resulted graph and let G] denote the spanning subgraph of 
the monochromatic edges in G i. (In this notation, we have di(vi) = da~ (vi).) In G i, 

we will find di(vi ) edge disjoint Kr's whose monochromatic edges are incident to vi. 
Deleting these di(vi) Kr's  from G i, we obtain G i+l. 

Consider the next index i. (We start with i --- 4.) Let W1 be NG~(vi) and 

let W~ be NGi(vi ) A V j  for the indices 2 _< j _< r -  1 such that vi ~ Vj. If we 
r - 1  

find ]Wll = di(vi) edge disjoint totally multicolored Kr- l 'S  in Gi[w1 U U w~] then 
g=2 

adding v i to them, we obtain the desired Kr's.  Notice that 

i 
E d:(v:) 

m p 3n 
IWll  < j = l  < - -  = + o ( 1 ) .  

i - 4 4 ( T -  1) 

To define Wg for 2 < l < r - 1, in the first step, delete from W~ the vertices v such 
that INGi(V)A~[ < ~ - -  ~ for s o m e j  e { 1 , . . . , r - -  1} such that v r 1,~. Now, if 
their size are different then delete the appropriate number of vertices from the too 
large sets. Notice that we delete O(1) vertices from W~ to obtain W t (2 < g < r - 1) 
since G i misses at most O(1)n multicolored edges and if we have to delete v from 
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W~ in the first step then at least ~ + O(1) missing multicolored edges are incident 
to v. 

Recall that ]NG(v ) n Vii = ~ + O(11 if v ~ Vj. Now, we state 

P r o p o s i t i o n  8 .  

n n 
(16)  INc~(v/nY~l< - - r - - 1  4 r - ~ - O ( 1 )  if v~Yj ,  v~{Vl,. . . ,Vi_l}. 

Proof. Suppose that there is an index io <_ i such that 
n n 

]Noio_l (V ) n v i i  >_ - -  r - 1 4r 2 
and 

At one step, INck(~) n Y~l 

and so 

V$ n 
INc~,,(~) n V~l < - -  

r -  1 4r 2 
(k <_ io - 1) decreases at most two thus we have 

n 
io >_ ~ + o(1) 

�88 ~d~ ~' dio(viol < (vj)  < .-:- = O(1). 
~o 

Therefore, we have 

dG~o(v ) : O(I)  

by the definition of rio. Suppose we had v e NGk(vk)  M Vj for k >_ io. If v k �9 Vj 
then we deleted v in the definition of W l C_ Vj and v e NGk(Vk ) could occur at most 

dG~o(v ) = O(1) times. Thus, we have 

n 
INc~(v) n Vii > + 0(1), 

- r - 1 4r 2 

what we wanted to prove. | 

Now (16) implies that  when define W t for ~ > 2 then we delete at most 12r 2 = 
O(1) vertices. Thus, we will have 

n n 
(17) IWtl > - -  + O(1) for ~ = 2,. , r -  1 

- r - 1 4r 2 "" 

and we have ]Wll < IW21 if n is sufficiently large. Estimate (17) implies that  if 
IWll >_ �89 then di(vi) > cn for some constant c and so i = O(1/. Hence, 

INe~(v ) n Wll _> IWll + o(1) for v �9 Wt~. > 2 

which implies (12). Moreover if v E W k then either Proposition 8 (k = 1 / or the 
definition of W k (k > 2 / implies that  for ~ -- 2 , . . . ,  r - 1, t r k 

n 
INc~(v) n W~I > IW~I - ~ + O(1) > 

( 1 )  ,Wt, n ( 1 )  
> 1 - ~  IW~l+ 3--7- 4r~ + ~  1 - ~  IWtl 
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if n is sufficiently large. So (11) holds and applying Lemma 7, we can find di(vi) 
desired Kr's, which completes the proof of Theorem 2. | 
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